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Abstract. In the context of Scheduling under uncertainty, Partial Order
Schedules (POS) provide a convenient way to build flexible solutions. A
POS is obtained from a Project Graph by adding precedence constraints
so that no resource conflict can arise, for any possible assignment of the
activity durations. In this paper, we use a simulation approach to evaluate the expected makespan of a number of POSs, obtained by solving
scheduling benchmarks via multiple approaches. Our evaluation leads us
to the discovery of a striking correlation between the expected makespan
and the makespan obtained by simply fixing all durations to their average. The strength of the correlation is such that it is possible to disregard
completely the uncertainty during the schedule construction and yet obtain a very accurate estimation of the expected makespan. We provide
a thorough empirical and theoretical analysis of this result, showing the
existence of solid ground for finding a similarly strong relation on a broad
class of scheduling problems of practical importance.

1

Introduction

Combinatorial Optimization approaches have a tremendous potential to improve
decision making activities. Most optimization techniques, however, require complete problem knowledge to be available, and with good reason. Indeed, the dynamic and uncertain nature of real world problems is a true curse to deal with.
With the exception of specific settings, the scalability of stochastic optimization
approaches is orders of magnitude worse than their deterministic counterparts.
Scheduling problems make no exception to this rule and their stochastic
variants tend to be even harder to solve than the (already hard) classical formulations. In the literature, the case of uncertain activity durations [2] has received
the greatest attention. This is because it provides a convenient framework to
model a number of unexpected events (delays, failure of unary resources, unknown input. . . ) and because there is hardly any practical scheduling problem
where the durations are really deterministic. Many have tackled this class of
problems by shifting the activity start times [18], or by doing that and readjusting the schedule when a variation occurs [17].
A somehow orthogonal family of approaches has focused instead in providing
flexible solutions as Partial Order Schedules (POSs). A POS is an augmentation
of the original Project Graph, where a number of precedence constraints has
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been added to prevent the occurrence of resource conflicts, whatever the activity
durations are. A POS can be obtained through a variety of methods (the reader
may refer for details to [8, 5, 6, 11–14]). A POS can be designed to optimize some
probabilistic performance metric, such as the expected makespan (a frequent
pick) or the n-th quantile (see [3]). Unfortunately, even simply computing such
metrics is by itself a difficult problem. Hence, a more convenient approach is
to optimize a deterministic scenario (e.g. worst case durations) and rely on the
flexibility of the POS for a good performance once the uncertain comes into play.
In this paper, we tackle the rather unusual problem of characterizing the
run-time behavior of a POS. Other authors have evaluated the quality of a POS
via intuition-based metrics [13, 14, 1], or even via simulation [15]. However, those
efforts have been focused in comparing solution approaches. Conversely, we focus on inferring general properties of the expected makespan of a POS. The raw
data for our investigation is obtained by simulating a large number of POSs,
obtained by solving classical scheduling benchmarks via multiple methods. Our
main, rather disconcerting, outcome is that in a large variety of situations there
is a very strong correlation between the expected makespan and the makespan
obtained when all the activities take their expected duration. In particular, their
difference appears very resilient to scheduling decisions. In such a situation it
is possible to disregard the uncertainty altogether, solve a deterministic problem, and end up with a close-to-optimal solution for a (much harder!) stochastic
problem. We provide a reasonable explanation for the observed behavior, supported by a mathematical model that we check against the empirical data. We
deduce that the behavior we observed, although not universally guaranteed, can
be reasonably expected on a broad class of practical problems.

2

Experimental Setup

Origin of our POSs: The POSs for our analysis represent solutions of classical
scheduling benchmarks. They have been obtained via two methods: 1) the constructive approach from [12] and 2) the application of a chaining step inspired by
[13] to solutions obtained via ILOG CP Optimizer. For each considered instance,
we kept all the solutions found by both solvers in the optimization process. In
the following, whenever non-explicitly mentioned, the presented data refers to
the chaining approach. As target benchmarks we have employed all the RCPSP
instances in the PSPLIB [10] from the j30, j60, and j90 sets (named after the
number of activities), plus most of the job shop scheduling instances by Taillard [16] (up to 30 jobs and 20 machines). The PSPLIB instances cover a wide
range of resource usage patterns, while the job shop instances provide data for
a radically different scheduling problem.
The Simulation Approach: In the simplest terms, our simulator is just a composition of Monte-Carlo sampling and critical path computation. Formally, we
model the duration of each activity ai as an independent random variable δi
ranging in the interval [di , Di ]. The value Di is the maximum duration and it is
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always equal to the (fixed) duration value from the benchmark instances. The
minimum duration di is computed as α · Di , where α ∈ ]0, 1[. The value of α
and the probability distribution for the δi variables are simulation parameters.
The makespan is formally defined as a function τ (δ) of the duration variables.
We use the special notation T to refer to the value τ (D), i.e. the makespan for
the worst case durations.
The makespan function has unknown probability distribution, and therefore
unknown expected value E[τ ]. Our simulator builds an approximation for E[τ ]
by sampling the duration variables to obtain a set of scenarios ∆. Each scenario
δ (k) ∈ ∆ is an assignment of values to the δi variables. Then for each δ (k) we
compute the makespan by running a simple critical path algorithm: since the
POS are resource-feasible, there is no need to take into account the capacity
limits. By doing so, we obtain the sample average:
1 X
τ=
τ (δ (k) )
(1)
|∆| (k)
δ

∈∆

which is an approximation for the expected value E[τ ]. We simulated each of
our POSs 10,000 times (i.e. |∆| = 10, 000). We have considered two types of
distribution for the δi variables, namely 1) a uniform distribution and 2) a discrete distribution where the duration can be either αDi with probability p or
Di with probability 1 − p. We have run tests with p = 0.5 and p = 0.9 and
α = 0.1, 0.25, 0.5 and 0.75. In the following, whenever non explicitly mentioned,
the presented data refers to α = 0.5 and uniformly distributed durations.

3

Our Main Result

As mentioned in Section 1, it is common to build a POS to minimize the worst
case makespan, so as to provide worst case guarantees. Even in this setting,
however, having a good expected performance is a highly desirable property. We
therefore decided to start our investigation by comparing the expected makespan
of a POS (or rather the approximation τ ), with its worst case value T .
This comparison can be done effectively by plotting the two quantities one
against each other (say, T on the x- and τ on the y-axis). It is clear that τ ≤ T .
That said, given how complex the structure of a POS can be and the amount
of variability involved, one could expected the plot to contain a cloud of points
distributed almost uniformly below the main bisector. A significant discrepancy
between different benchmarks and simulation settings could also be expected.
Surprisingly, we observe instead that in all the considered cases there exists
a strong, seemingly linear, correlation between the average makespan and the
worst case one. Figure 1 shows the described plots for 4 different configurations,
chosen as examples: (a) the POSs for the j30 instances from the PSPLIB, solved
with the chaining approach and uniform distributions; (b) the j30 set with the
constructive approach and uniform distributions; (c) the j60 set with the constructive approach, discrete distribution and p = 0.9. Finally, (d) the POSs from
the Taillard instances with the chaining approach and uniform distributions.
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Fig. 1. Expected makespan (y-axis) over worst case makespan (x-axes) for various
experimental settings

The Real Correlation: A necessary first step to understand the observed correlation is to identify exactly its terms. In our experimentation, we are assuming
all activities to have uniformly distributed durations in the range [di , Di ], so
that their expected value is E[δi ] = 0.5 · (di + Di ). Moreover, since we are also
assuming that di = αDi , we have that E[δi ] = 21 (1 + α)Di , i.e. the expected
durations are proportional to the worst case ones. This means that by fixing all
the activities to E[δi ] rather than to Di , the critical path stays unchanged and
the makespan becomes:
τ (E[δ]) =

1X
1+α X
1+α
(αDi + Di ) =
Di =
T
2 i∈π
2 i∈π
2

(2)

Hence, the observed correlation between τ and T could be just a side effect of a
actual correlation between τ and τ (E[δ]), because T and τ (E[δ]) are proportional.
To test if this is the case, we have designed a second set of simulations where,

A)

B)

180

180

Average Simulated Makespan

Average Simulated Makespan

Disregarding Duration Uncertainty in Partial Order Schedules? Yes, we can!

160
140
120
100
80
60
40

40

60

80 100 120 140 160 180

Worst Case Makespan

5

160
140
120
100
80
60
40

40

60

80 100 120 140 160 180

Makespan with Expected Durations

Fig. 2. Correlation of the simulated makespan with α varying on a per-task basis

for each task, we choose at random between α = 0.1 or α = 0.75. By doing so,
Equation (2) does no longer hold. As a consequence, we expect the correlation
between τ and T to become more blurry. Figure 2A and 2B report, for the
j60 benchmarks, scatter plots having τ on the y-axis. On the x-axis the plots
respectively have the worst case makespan and the makespan with expected
durations. The data points are much more neatly distributed for Figure 2B. In
summary, there is evidence for the existence of a very strong correlation
between the expected makespan E[τ ] and the makespan τ (E[δ]).
In the (very uncommon) case that the POS consists of a single path, this is a
trivial result. In such a situation the makespan function τ can be expressed as:
τ (δ) = l(π) =

X

δi

(3)

ai ∈π

where π is the path (a sequence of activity indices π(0), π(1), . . . π(k − 1)) and
l(π) is the path
P length. For the linear properties of the expected value, it follows
that E[τ ] = i∈π E[δi ], i.e. the expected makespan is exactly τ (E[δ]). On the
other hand, a general POS has a much more complex structure, with multiple
paths competing to be critical in a stochastic setting. In such case, the presence
of the observed correlation is therefore far from an obvious conclusion.
Makespan Deviation: What is even more interesting, however, is that τ and
τ (E[δ]) remain remarkably close one to each other, rather than diverging as their
values grow. It is therefore worth investigating in deeper detail the behavior of
the difference τ − τ (E[δ]), as an approximation for E[τ ] − τ (E[δ]). We refer to
this quantity as ∆ and we call it makespan deviation.
Figure 3A shows the deviation for j60, over the makespan with expected
durations. The plot (and every plot from now on) is obtained using a unique
α value for a whole benchmark, because this allows to conveniently compute
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Fig. 3. Deviation and normalized deviation over τ (E[δ])

τ (E[δ]) as 1+α
2 T . The deviation appears to grow slowly as the makespan (with
expected durations) increases.
It is possible to determine the rate of growth more precisely via a test that
involves the normalized makespan deviation, i.e. the quantity ∆/τ (E[δ]). Specifically, let us assume that a linear dependence exists, then we should have:
E[τ ] = a · τ (E[δ]) + b

(4)

Now, note that τ (E[δ]) = 0 can hold iff all the activities have zero expected
duration. This is only possible if they have zero maximum duration, too. Hence,
if τ (E[δ]) = 0, then E[τ ] = 0. This implies that b = 0, i.e. there is no offset.
Hence, we can deduce that E[τ ] and τ (E[δ]) are linearly dependent iff:
∆
=a−1
τ (E[δ])

(5)

i.e. if the normalized makespan deviation is constant. Figure 3B shows for j60
the normalized ∆ over τ (E[δ]). We have added to the plot a line that shows what
the data trend would be in case of a constant normalized deviation. As one can
see, the normalized ∆ tends instead to get lower as τ (E[δ]) grows.
Therefore, the makespan deviation E[τ ]−τ (E[δ]) appears to grow sublinearly with the makespan obtained when all activities take their expected duration, i.e. τ (E[δ]). From another perspective, this means that the
deviation has sub-linear sensitivity to scheduling decisions. In such a situation, it
becomes possible to disregard the duration uncertainty and optimize
under the assumption that each activity ai has duration E[δi ], being
reasonably sure that the resulting POS will be close to optimal also
in the stochastic setting. This makes for a tremendous reduction in the complexity of scheduling under duration uncertainty, with far reaching consequences
both on the theoretical and the practical side.
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Given the importance of such a result, it is crucial to reach an understanding of the underlying mechanism, so as to assess to which extent this behavior
depends on our experimental setting and to which extent it is characteristic of
scheduling problems in general. In the next section, we develop mathematical
tools for this analysis.

4

Our Analysis Framework

Independent Path Equivalent Model: We already know from Section 3 that for
a single path π the expected makespan is equal to the sum of the expected
durations and hence ∆ = 0. This is however a rather specific case. In general, it
is possible to see a POS as a collection Π of paths π. From this perspective, the
makespan can be formulated as:
τ (δ) = max lπ (δ)
π∈Π

(6)

i.e. for a given instantiation of the activity durations, the makespan is given by
the longest path. The worst case makespan T will correspond to the worst case
length of one or more particular paths: we refer to them as critical paths.
In general, many paths will not be critical. Moreover, several paths will likely
share some activities. Finally, the number of paths |Π| may be exponential in
the Project Graph size. For those reasons, computing E[τ ] for the model from
Equation (6) is not viable in practice. Hence, to understand the impact of multiple paths on E[τ ] we resort to a simplified model. Specifically, we assume that a
POS consists of n identically distributed, independent, critical paths. Formally:
τ (δ) = max λi (δ)
i=0..n−1

(7)

where each λi is a random variable representing the length of a path i and ranging
in [αT, T ]. The notation is (on purpose) analogous to that of our simulation. We
refer to Equation (7) as the Independent Path Equivalent Model (IPE Model).
Effect of Multiple Paths: Now, let Fλ denote the (identical) Cumulative Distribution Function (CDF) for all λi , i.e. Fλ (x) is the probability that a λi variable
is less than or equal to x. Then for the CDF of τ we have:
Fτ (x) =

n−1
Y

Fλ (x) = Fλ (x)n

(8)

i=0

in other words, for τ to be lower than a value x, all the path lengths must
be lower than x. Therefore, increasing the number of critical paths n
reduces the likelihood to have small makespan values and leads to a
larger E[τ ]. Figure 4A shows this behavior, under the assumption that all λi
are uniformly distributed with T = 1 and α = 0 and hence have an average
length of 0.5. The drawing reports the Probability Density Function (PDF), i.e.
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the probability that τ = x, with n = 1, 2, 3, 4. As n grows, the PDF is skewed to
the right and the corresponding expected value (marked by a vertical red line)
moves accordingly. Note that moving from a single path to multiple ones causes
a relevant shift of E[τ ] from the average critical path length (i.e. 0.5). This means
that the POS structure may in theory have a strong impact on the makespan
deviation. However, this is not observed in Figure 1 and Figure 2, raising even
more interest in the reasons for this behavior.
4.1

Worst Case Assumptions

The IPE Model differs from the exact formulation in Equation (6) by three main
simplifications: 1) all paths are critical, 2) all paths are identically distributed,
and 3) all paths are independent. Due to those simplifications, the IPE Model
actually corresponds to a worst case situation and is therefore well
suited to obtain conservative estimates.
Non-critical Paths: An actual POS may contain a number of non-critical paths.
In the IPE Model, a non-critical path is modeled by introducing a random variable λi with a maximum value strictly lower than T . Any such variable can be
replaced by one with the same (scaled) distribution and maximum T , for an
increased expected makespan.
Non-identical Distributions: In general, each critical path λi will have a different
probability distribution Fλi . However, it can be proved1 that it is possible to
obtain a worst case estimate by assuming
all Fλi to be equal to the one having
R∞
the lowest value for the integral 0 Fλi (x)dx.
1

The proof can be found in a technical report associated to this paper, see [4].
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Path Dependences: Path dependences arise in Equation (6) due to the presence of
shared variables. Consider the case of a graph with two paths πi and πj sharing
a subpath. For each assignment of durations δ (k) , the length of the common
subpath will add to that of both πi and πj , making them more similar. This can
be observed in Figure 4B that reports the empirical distributions of two POSs,
both consisting of two paths with two activities each. In the POS corresponding
to the grey distribution, the two paths are independent, hence l(πi ) = δh + δk
and l(πj ) = δl + δm . In the POS corresponding to the black distribution, the two
paths share a variable, i.e. l(πi ) = δh + δk and l(πj ) = δh + δm . All the durations
are uniformly distributed, δh and δl range in [0, 0.8], while δj , δm range in [0, 0.2].
The distribution for the dependent setting is much closer to that of a single path
(see Figure 4A) and has a lower average then the independent case.
4.2

Asymptotic Behavior of the Expected Makespan

We are now in a position to use the IPE Model to obtain a conservative estimate
of E[τ ]. In particular, we will show that the makespan deviation ∆ for the
IPE Model is bounded above by a quantity that depends 1) on the
variability of the activities on the paths and 2) on the number of
paths. For proving this, we will consider each critical path to
a sequence
Pbe
m−1
of m activities. This can be captured by assuming that λ = j=0 ρj , where
each ρj is an independent random variable with expected value µρj and relative
variability βρj . From this definition, it follows:
m−1
X

µρj = E[λ]

and

m−1
X

βρj = (1 − α)T

(9)

j=0

j=0

Note that with m = 1 we obtain the original IPE Model. Now, let Z be a random
variable equal to τ − µλ , where µλ = E[λ]. The Z variable is designed so that in
the model E[Z] corresponds to the makespan deviation ∆. Now, from Jensen’s
inequality [9], we know that:
eE[tZ] ≤ E[etZ ]

(10)

because the exponential function etx is convex in x. The term t is a real valued
parameter that will allow some simplifications later on. From the definition of Z
and since the exponential is order preserving, we obtain:


h
i
(11)
E[etZ ] = E et maxi (λ−µλ ) = E max et(λ−µλ )
i=0..n−1

By simple arithmetic properties and by linearity of the expectation E[]:

E

max e

i=0..n−1

t(λ−µλ )


≤

n−1
X
i=0

h
i
h
i
E et(λ−µλ ) = n E et(λ−µλ )

(12)
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Note that using a sum to over-approximate a maximum is likely to lead to a
loose bound. This is however mitigated
P by the use of a fast-growing function like
the exponential. Now, since λi = j ρj , we can write:

i

h

h

n E et(λ−µλ ) = n E et

P

j

i

m−1
Y

(ρj −µρj ) = n E 


et(ρj −µρj )  = n

j=0

m−1
Y

h
i
E et(ρj −µρj )

j=0

because the ρj variables are independent. Now, each term ρj −µρj has zero mean
and spans by definition in a finite range with size βρj . Therefore we can apply
Hoeffding’s lemma [7] to obtain:
n

m−1
Y
j=0

m−1
i
h
P 2
Y 1 t2 β 2
1 2
t
j βρ j
E et(ρj −µρ ) ≤ n
e 8 ρj = ne 8

(13)

j=0

By merging Equation (10) and Equation (13) we get:
 1 2P 2 
1 X 2
t
j βρj
βρj
= log n + t2
E[tZ] = t E[Z] ≤ log ne 8
8
j
which holds for every t ∈ R. By choosing t =

√
8 log n
qP
2
j βρ

(14)

, we finally obtain:

j

v
um−1
X
p
1 u
t
√
βρ2j log n
E[Z] = E[τ ] − µλ = ∆ ≤
2 j=0

(15)

where the two main terms in the product at the right-hand side depend respectively on the variability of the paths and on their number, thus proving our
result. Note that Equation (15) identifies the terms that have an impact on ∆,
and it also bounds the degree of such impact. Since the IPE Model represents a
worst case, the provided bound is applicable to general POSs, too.

5

Empirical Analysis of the Asymptotic Behavior

We now start to employ the mathematical framework from Section 4 for an
empirical evaluation, to get a better grasp of the behavior of the makespan
deviation. Our main tool will be the bound from Equation (15). As a preliminary,
when moving to real POSs some of the parameters of the IPE Model cannot
be exactly measured and must be approximated. As a guideline, we use the
parameters of the critical path in the POS as representative for those of the
paths in the IPE model. Hence:
– the value µλ corresponds to τ (E[δ]), i.e. to 1+α
2 T.
– each βρi is equal to (1 − α)Di .
– for m, we take the number of activities on the critical path.
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– for n, we take the total number of paths in the POS.
We expect the largest approximation error to come from considering all paths
(regardless the degree of their dependence) and from assuming that all of them
are critical. Now, we proceed by investigating how the makespan deviation ∆
depends on the two main terms from Equation (15).
Dependence on the Variability: For our experimentation we have that:
v
v
v
um−1
um−1
um−1
uX
uX
uX
2
2
t
t
βρ j =
((1 − α)Di ) = (1 − α)t
Di2
j=0

j=0

(16)

j=0

Hence, the variability term in Equation (15) grows linearly with (1 − α). Therefore, in order to check if the bound reflects correctly the dependence of ∆ on the
variability, we can repeat our simulation with different α values and see if we
observe a linear change of the makespan deviation. We have experimented with
α = 0.1, 0.25, 0.5, and 0.75.
Figure 5A shows a scatter plot for j60 where the makespan deviation for
α = 0.25 and α = 0.5 are compared. The presence of a linear correlation is
apparent. Equation (16) allows one to predict the slope of the line for two values
00
00
0
α00 and α0 , which should be 1−α
1−α0 . For α = 0.25 and α = 0.5, we get 1.5. By
fitting a trend line it is possible to measure the actual slope, which in this case is
1.46, remarkably close to the predicted one. This all points to the fact that
the asymptotic dependence identified by our bound is in fact tight.
Dependence on the Number of Paths: The path related term in the bound
pre√
dicts that the makespan deviation will grow (in the worst case) with log n. In
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this section, we investigate how accurate this estimate is in practice. In a first
attempt to assess the correlation between
∆ and the number of paths, we simply
√
plot the deviation values against log n, using (we recall) the total number of
paths in the graph as a proxy for the number of critical paths. If the bound
reflects a tight asymptotic dependence, we should observe a linear correlation.
Figure 5B shows such a plot for j60 and the correlation does not appear to
be linear. This may hint to an overestimation in our bound, but it could also
be due to our approximations, or to the presence of correlations between the
variability- and the path-related term in Equation (15). Now, we have recalled
that the number of paths in a graph may be exponential in the graph size. The
number of independent paths, however, is polynomially bounded by |A|, i.e. the
size of the graph. In fact, every activity can be part of at most one independent
path. For the number of paths to be exponential, the activities must
have multiple predecessors and successors.
Layered Graph Approximation: Next, we will investigate the relation between
the number of paths and their structure. This can be conveniently done on a
layered graph, i.e. a graph where the nodes are arranged in m layers, such that
layer k − 1 is totally connected with layer k. The number of paths in a layered
m
graph is estimated by the quantity (q/m) , where q = |A| is the graph size.
There are two consequences: 1) to increase the number of paths exponentially,
we must increase their cardinality; 2) since m appears also at the denominator,
at some point the number of paths will start to decrease with growing
m values.
p
m
This can be observed in Figure 6A, reporting the value of log (q/m) for
qp= 62 and m ranging in {1 . . . 62}. Figure 6B reports instead the value of
log(n) over the cardinality of the critical path for the j60 benchmark, which
also features 62 activities per graph (60 + 2 fake nodes). The two red bars in
Figure 6A mark the minimum and the maximum for the critical path cardinality
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in j60. The shape (and the range!) of the empirical plot matches closely enough
that of the highlighted segment of the theoretical curve. At a careful examination, this makes a lot of sense. When resolving resource conflicts, a scheduling
solver operates by arranging the activities into a sequence of parallel groups.
Tighter resource restrictions lead to longer sequences and fewer parallel activities in each group. In a POS, each of those groups translates
to a layer, making a layered graph a fairly good approximate model.
Path Cardinality and Variability: Now, we will show that the variability of a
path π gets smaller if π contains a large number of activities with uncertain
duration. If most of the activities in the graph have uncertain duration, this
means that the variability of a path π will decrease with its cardinality. For our
proof, we will assume for sake of simplicity that all ρi variables in the IPE Model
are identical. Hence, in our experimental setting, their variability will be equal
1
to m
(1−α)T . If we also assume to have a layered graph, Equation (15) becomes:

i.e.
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In Equation (18), the role of path cardinalities in the deviation bound becomes
explicit. In particular, paths with a lot of variables
√ are less likely to have very
long extreme lengths, reducing the deviation by a m factor. The degree of the
dependence is such to completelypcounter the exponential growth
of the path
p
number, so that the product √1m m log (q/m) behaves like log (q/m).
Hopefully Equation (18) provides a reasonable approximation even when its
simplifying assumptions are not strictly true. For testing this, in Figure 7A and
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p
7B we report, next to each other, the value of log (q/m) p
for m ranging in
1
√
{1 . . . 62} (which is strictly decreasing) and the value of m log (n) over the
critical path length for j60. As in Figure 6A we use red lines to mark on the
theoretical plot the minimum/maximum of the critical path cardinality for j60.
Again, the figures are similar enough in terms of both shape and range. Hence,
if most of the activities have uncertain duration, an increase of the
path cardinality tends to have a beneficial effect on the deviation ∆.
Back to our Main Result: In Equation (18) the deviation bound is proportional
to T . However, under the simplifying assumption that all activities are identical,
increasing
T requires to increase m as well, causing a reduction of the term
p
√1
m
log
(q/m). It follows that the deviation should grow sub-linearly with
m
the makespan. We conjecture that this same mechanism is at the base of the
sub-linear dependence we have observed in Figure 3A and checked by analyzing
the normalized deviation ∆/τ [E[δ]].
p
Now, we already know that the ratio √1m m log (q/m) does decrease with
m for our benchmarks. Hence, if we observe a linear correlation between m and
τ (E[δ]), we should expect our bound to grow sub-linearly. In Figure 8A we report, for the j60 benchmark, the length of the critical path over the makespan
with average duration, i.e. τ (E[δ]). The plot confirms the existence of a linear
correlation. At this point, repeating our experiment from Figure 3B with the
(normalized) bound values instead of the deviation would be enough to confirm
our conjecture. However, we have an even more interesting result. Figure 8B
reports a scatter plot having on the x-axis the normalized bound and on the
y-axis the normalized deviation. The plot shows the existence of a clear linear
correlation between the two. This has two important consequences: 1) the hypothesis that the sub-linear growth is due to a correlation between the
number of paths and their variability is consistent with the observed
data. Moreover, 2) the bound based on the IPE Model provides a tight
prediction of the rate of growth of the normalized deviation.

6

Concluding Remarks

Our results: In this paper we provide a detailed empirical and theoretical analysis
of general run time properties of POSs. We observe, in a variety of settings, the
existence of a very strong correlation between the expected makespan and the
makespan obtained by assuming that all activities have their expected duration.
Specifically, their difference (makespan deviation) appears to exhibit sub-linear
variations against makespan changes. As a likely cause for this behavior, we
suggest a strong link existing between the number of paths in a POS (that tends
to increase the deviation) and the number of activities with uncertain durations
in the paths (that makes the deviation smaller). We provide support for our
hypothesis by means of a mathematical framework (the IPE Model) and of an
extensive empirical evaluation. In the process, we end up identifying a number
of important mechanisms that determine the behavior of a POS.
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Fig. 8. A) Linear correlation between the makespan and the critical path cardinality.
B) Normalized bound from Equation (15) over the normalize deviation ∆/τ (E[δ])

It is important to observe that the strong resilience of the deviation to
makespan variations represents a resilience to scheduling decisions. As an immediately applicable consequence, this makes it possible to disregard the duration
uncertainty and build a POS so as to optimize the makespan of the scenario
where all the activities take their expected value. The solution of such deterministic problem will have a good chance to be close to optimal for its stochastic
counterpart as well. These result can be profitably applied to dramatically lower
the complexity of many real world scheduling problems.
Limitations and Open Problems: The applicability conditions of our result require a deeper investigation. The single most important assumption for the validity of our analysis is the independence of the activity durations. Strongly
dependent durations (e.g. simultaneous failures) may undermine our results and
will certainly deserve a dedicated analysis. Moreover, we will need to adjust the
approximations from Section 5, to tackle problems where only a handful of activities have uncertain duration (as opposed to all of them like in our experiments).
We are also interested in the identification of extreme cases: the IPE Model
predicts that POSs with a lot of short and independent paths (e.g. Open Shop
Scheduling solutions with many resources) should have the largest (normalized)
makespan deviations. It is worth investigating what the rate of growth of the
deviation would be in that case.
Finally, while we have a good understanding of why in our experimentation
the makespan deviation varies little, we still don’t know exactly why it is also
very small. This open question, which is also tightly connected with the problem
of predicting the value of the deviation, rather than its rate of growth. We plan
to address both topics in future research.
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